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Abstract: In this short note we perform covariant Hamiltonian analysis of F (R)−gravity.
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1. Introduction and Summary
The fundamental concept of modern field theories is their formulation with the help of
action and corresponding Lagrangian density. This formulation is manifestly covariant
which reflects basic concept of general relativity. Dynamics of these fields is then governed
by Lagrange equations of motion which are again manifestly covariant. In other words, in
the Lagrangian formulation all space-time coordinates are treated on equal footing.
The situation is different when we switch to the Hamiltonian formalism when one
direction known as time direction is selected and Hamiltonian equations of motion basically
determine evolution of the system along this direction. Clearly such a splitting of space-
time into space and time breaks manifest covariance of the theory. On the other hand
there exists covariant Hamiltonian formulation of field theory known as Weyl-De Donder
theory [1, 2]. Let us demonstrate its principle on the simple example of the Lagrangian for
scalar field φ that clearly depend on derivative ∂aφ. In conventional canonical formalism
we consider time derivative as special one and define conjugate momentum as derivative
of Lagrangian density with respect to ∂tφ. In case of Weyl-DeDonder theory we treat all
partial derivatives on the equal footing which clearly preserves diffeomorphism invariance.
Then covariant canonical Hamiltonian density depends on conjugate momenta paM which
are variables conjugate to ∂aφ
M . This approach is also known as multisymplectic field
theory, see for example [3, 4, 5], for review, see [6] and for recent interesting application of
this formalism in string theory, see [7, 8].
Intuitively it is clear that such a covariant Hamiltonian approach could be very con-
venient for all covariant theories and especially it would be very appropriate in case of
general relativity. In fact, covariant Hamiltonian formulation of gravity was presented by
P. Horava in his paper [13]. It was shown there that the analysis simplifies considerably
when instead of conventional canonical variable gab we use f
ab ≡ √−ggab. In fact, an
importance of this variable in the holographic formulation of gravity was stressed recently
by T. Padmanabhan in his works, for very clear and detailed discussion of properties of
gravity formulated in fab variables we recommend his paper [11].
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It is natural to ask the question whether covariant Hamiltonian analysis can be per-
formed with more general theories of gravity, as for example F (R)−gravity, for review and
extensive list of references see [14]. These theories can be considered as simplest modifica-
tion of general relativity that have a potential to explain some aspects of inflation or dark
energy. On the other hand considering F (R)−gravity as generalization of general relativity,
it is natural to study whether it is possible to find its covariant Hamiltonian formulation.
In fact, this is the goal of this paper. As the first step we introduce auxiliary fields in order
to be able to deal with F (R)−gravity and then we carefully split Lagrangian density for
F (R)−gravity into bulk and boundary part. We find that there is an additional contribu-
tion to the bulk part with respect to ordinary gravity that is proportional to the partial
derivative of the auxiliary field. Then we can straightforwardly proceed to the covariant
Hamiltonian formulation when we firstly determine momenta conjugate to gab. We find
that they are rather complicated which has been previously stressed in [11]. Then, follow-
ing discussion presented in that paper, we proceed to the canonical variable fab =
√−ggab
that are related to gab through point transformations. We determine momenta N
c
ab con-
jugate to fab and pcB conjugate to auxiliary field B. Finally we invert relations between
conjugate momenta N cab and Christoffel symbols and also between p
c
B and derivative of B
and obtain corresponding Hamiltonian. We also determine canonical equations of motion.
Let us outline our results. We find covariant Hamiltonian for F (R)−gravity which
is the first step in the application of this formalism to more general form of gravity. We
also determine corresponding equations of motion. It would be certainly nice to extend
this result along directions that are related to Padmanabhan’s work. It would be also nice
to apply covariant Hamiltonian analysis in case of more general theories of gravity, as for
example curvature-squared gravity [15]. We hope to return to these problems in future.
This paper is organized as follows. In the next section (2) we introduce Lagrangian
for F (R)−gravity and split it into bulk and boundary parts. Then in section (3) we
present canonical formalism in gab andM
abc variables. Finally in section (4) we proceed to
the Hamiltonian analysis in fab, N cab variables and determine corresponding Hamiltonian
density and canonical equations of motion.
2. Introduction of F (R)-Gravity
In this section we introduce an action for F (R)−gravity. This theory is generalization of
Einstein-Hilbert action when term linear in curvature R is replaced by arbitrary function
F (R). Explicitly, the action for F (R)−gravity has the form
S =
∫
d4xLF , LF = 1
16pi
√−gF (R) , (2.1)
where we set gravitational constant and speed of light to be equal one and where F is an
arbitrary function of Ricci scalar R that is defined as 1
R = gmnRmn = g
mnR kmkn ,
1We work with the metric gab with signature (−1, 1, 1, 1) where a, b, c, . . . = 0, . . . , 3.
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Rklmn = ∂mΓ
k
nl − ∂nΓkml + ΓkmpΓpnl − ΓknpΓpml .
(2.2)
In order to find Hamiltonian formulation of this theory it is convenient to introduce two
scalar fields A and B and write the Lagrangian density in the form
L = 1
16pi
√−g[F (B) +A(R−B)] , (2.3)
where the equations of motion for A implies R = B while equation of motion for B implies
F ′(B)−A = 0. Inserting the first result into (2.3) we obtain original action. Instead it is
useful to use second equation to express A = F ′(B) and write the Lagrangian density (2.3)
in the form
L = 1
16pi
√−g[F (B) + F ′(B)(R−B)] . (2.4)
In order to check consistency of this action let us solve equations of motion for B that
follow from (2.4)
F ′(B) + F ′′(B)(R −B)− F ′(B) = F ′′(B)(R−B) = 0 (2.5)
which again implies R = B on condition F ′′(B) 6= 0. Inserting this result into (2.4) we
obtain original Lagrangian density (2.1). In fact, for F ′′(B) = 0 we find that F ′(B) = K
where K = const and hence F (B) = KB + C where C is another constant. Inserting this
result into (2.4) we obtain Einstein-Hilbert action with cosmological constant proportional
to C after appropriate rescaling. In what follows we will presume condition F ′′(B) 6= 0
that leads to F (R)−gravity.
Following [11] we write Ricci scalar as
R = Q mnlk R
k
mnl , (2.6)
where
Q mnlk =
1
2
(gmlδnk − gmnδlk) , Q mnlk = −Q mlnk . (2.7)
As the next step we split Lagrangian density (2.4) into bulk and boundary part [9, 10], for
recent careful discussion, see also [11]2. This procedure is trivial in case of terms quadratic
in Christoffel symbols in Riemann tensor however we should be more careful with terms
that contain partial derivatives of Christoffel tensor since for example
√−gF ′(B)Q mnlk ∂mΓknl = ∂m[
√−gF ′(B)Q mnlk Γknl]−
−∂m[
√−gQ mnlk ]F ′(B)Γknl −
√−gQ mnlk F ′′(B)∂mBΓknl . (2.8)
The second term on the second line gives bulk contribution corresponding to the kinetic
term for auxiliary field B. Further, the first term gives also bulk contribution as follows
from the fact that
∂c(
√−gQ bcda ) = −
√−gΓbcmQ mcda + ΓmcaQ bcdm
√−g (2.9)
2It is important to stress that the variation of the bulk term alone leads to the equations of motion while
the surface term, when integrated over a horizon, is related to the entropy of the horizon, as was shown for
example in [12].
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which is consequence of the condition ∇c(
√−gQ bcda ) = 0. Collecting these terms together
we obtain that surface term has explicit form
16piLFsurf = 2∂c[
√−gF ′(B)Q bcda Γabd] =
= 2F ′′(B)∂cBQ
bcd
a Γ
a
bd − 4F ′(B)
√−gQ bcda ΓadmΓmbc + 2F ′(B)
√−gQ bcda ∂cΓabd
(2.10)
and hence we find that decomposition of the Lagrangian density of F (R)−gravity into
surface and bulk terms has the form
16piLF = 16piLFquadr + 16piLFsurf ,
16piLFquadr = 2F ′(B)Q bcda ΓadmΓmbc − 2F ′′(B)∂cBQ bcda Γabcd +
√−g[F (B)− F ′(B)B] ,
16piLFsurf = 2∂c[
√−gF ′(B)Q bcda Γabd] .
(2.11)
The Lagrangian density (2.11) is our starting point for the covariant Hamiltonian formu-
lation of F (R)−gravity which will be analysed in the next section.
3. Covariant Hamiltonian Formalism with (gab,M
abc) as canonical variables
In this section we proceed to the covariant Hamiltonian formalism of F (R)−gravity when
we consider gbc as basic dynamical variable. Then, according to the basic principle of
covariant field theory, the conjugate momentumMabc is defined as variation of the bulk part
of the action with respect to ∂agbc. Explicitly, we know that quadratic part of Lagrangian
density for F (R)−gravity has the form (2.11), or alternatively, using explicit form of Q bcda
we have
16piLFquad =
√−gF ′(B)[ΓhdkΓkghggd − ΓffkΓkghggh]−
−F ′′(B)√−g∂cB[Γcbdgbd − gcbΓdbd] +
√−g[F (B)− F ′(B)B] .
(3.1)
In order to define conjugate momenta Mabc we need following expression
δΓkbc
δ∂pgrs
=
1
4
δ
p
b (g
krδsc + g
ksδrc ) +
1
4
δpc (g
krδsb + g
ksδrb )−
1
4
gkp(δrbδ
s
c + δ
r
cδ
s
b ) . (3.2)
Using this result we get
16piMabc =
∂LFquad
∂(∂agbc)
=
1
2
F ′(B)
√−g[gbdΓadkgkc + gcdΓadkgkb]
−1
2
F ′(B)
√−gΓkfk(gfbgac + gfcgab)−
1
2
F ′(B)
√−ggbcΓaghggh +
1
2
F ′(B)
√−gΓkfkgfagbc −
−1
2
F ′′(B)
√−g∂fB[gfbgac + gfcgab] + F ′′(B)
√−g∂fBgfagbc
(3.3)
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and momentum conjugate to B as
16pipcB =
∂LFquadr
∂(∂cB)
= −F ′′(B)√−g[Γcbdgbd − gcbΓdbd] . (3.4)
To proceed further let us introduce V a ≡ −gbcMabc that, using (3.3) has the form
16piV a =
√−gF ′(B)Γaghggh − F ′(B)
√−gΓkkfgfa − 3F ′′(B)
√−g∂fBgfa .
(3.5)
From V a we can express ∂fB as
∂fB = −
16pigfa
3F ′′(B)
√−g
(
gbcM
abc +
F ′(B)
F ′′(B)
paB
)
. (3.6)
Then we can insert this result into definition of Mabc and find relation between Mabc and
Γabc. However resulting expression is rather complicated and corresponding Hamiltonian as
well. For that reason we rather focus on set of variables that were used in [13].
4. Hamiltonian Analysis in New Variables (fab, N cab)
We define new metric variable as
fab =
√−ggab . (4.1)
Even if we call it as a new one we should stress that it was used in classical literature long
time ago [9, 10] and it was also used by P. Horava for covariant Hamiltonian formulation
of gravity [13]. An importance of these variables was also stressed many times in works by
Padmanabhan, see for example [11]. From definition of fab given in (4.1) we find that
f ≡ det fab = det g (4.2)
and also we have following relation between variation of gab and fab
δgab =
δfab√−f −
1
2
√−f f
abfmnδf
mn ≡ 1√−f B
ab
mnδf
mn , (4.3)
where
Babmn =
1
2
(δamδ
b
n + δ
b
mδ
a
n)−
1
2
fabfmn =
1
2
(δamδ
b
n + δ
b
mδ
a
n − gabgmn) . (4.4)
Note that in our convention fab is inverse to f
ab and it has explicit form fab =
1√−ggab.
Now let us consider fab as canonical variable and introduce corresponding conjugate
momenta N cab as variation of the action with respect to ∂cf
ab. Since boundary term does
not contribute to this definition we have
N cab =
∂LFquadr
∂(∂cfab)
=
∂LFquadr
∂(∂dgmn)
∂(∂dgmn)
∂(∂cfab)
.
(4.5)
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Now fab and gmn are related by point transformations so that f
ab = fab(gmn) or inverse
gmn = gmn(f
ab). Then
∂dgmn =
δgmn
δfab
∂df
ab (4.6)
so that ∂dgmn = ∂dgmn(f
ab, ∂cf
ab). Then clearly we have
δ(∂dgmn)
δ(∂cfab)
=
δgmn
δfab
δcd .
(4.7)
Returning to N cab we obtain
N cab =
∂LFquadr
∂(∂cgmn)
(−gmk 1√−f B
kl
abgln) = −M cmn
1√−f Bmn,ab , (4.8)
where we used
δgmn
δfab
= − 1√−f gmkB
kl
abgln (4.9)
and also we defined Bmn,ab as
Bmn,ab = gmkB
kl
abgln =
1
2
(gmagnb + gmbgna − gmngab) . (4.10)
Since
16piMabc =
1
2
F ′(B)
√−g[gbdΓadkgkc + gcdΓadkgkb]
−1
2
F ′(B)
√−gΓkfk(gfbgac + gfcgab)−
1
2
F ′(B)
√−ggbcΓaghggh +
1
2
F ′(B)
√−gΓkfkgfagbc −
−1
2
F ′′(B)
√−g∂fB[gfbgac + gfcgab] + F ′′(B)
√−g∂fBgfagbc
(4.11)
we obtain from (4.8) following conjugate momenta N cab
16piN cab = −F ′(B)Γcab +
1
2
F ′(B)(Γkakδ
c
b + Γ
k
bkδ
c
a) +
+
1
2
F ′′(B)(∂aBδ
c
b + ∂bBδ
c
a) +
1
2
F ′′(B)∂gBf
gcfab
(4.12)
and
16pipcB = −F ′′(B)[Γcbdf bd − f cbΓdbd] . (4.13)
It is crucial that for F (B) = B,F ′(B) = 1 , F ′′(B) = 0 we get that N cab has the same form
as in case of pure gravity and that pcB = 0. Further, if we take the trace f
abN cab we obtain
16pifabN cab = −F ′(B)Γcabfab + F ′(B)Γkkbf bc + 3F ′′(B)∂gBf gc . (4.14)
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In case when F ′(B) = 1 we get trivial identity while for F ′′(B) 6= 0 we can use previous
equation and also definition of canonical momenta pcB given in (4.13) to express ∂aB as
16pifabN cab = 16pi
F ′(B)
F ′′(B)
pcB + 3F
′′(B)∂gBf
gc
(4.15)
so that
∂gB =
16pi
3F ′′(B)
fgc
(
fabN cab −
F ′(B)
F ′′(B)
pcB
)
. (4.16)
Inserting this result into (4.12) we obtain
16piN cab = −F ′(B)Γcab +
1
2
F ′(B)(Γkakδ
c
b + Γ
k
bkδ
c
a) +
+
16pi
6
(fadf
mnNdmnδ
c
b + fbdf
mnNdmnδ
c
a + f
mnN cmnfab)−
−16pi
6
F ′(B)
F ′′(B)
(fadp
d
B + fbdp
d
B + p
c
Bfab)
(4.17)
that allows us to write
16piNcab = −F ′(B)Γcab +
1
2
F ′(B)(Γkakδ
c
b + Γ
k
bkδ
c
a) , (4.18)
where
Ncab = N
c
ab −
1
6
(fadf
mnNdmnδ
c
b + fbdf
mnNdmnδ
c
a + f
mnN cmnfab) +
+
1
6
F ′(B)
F ′′(B)
(fadp
d
Bδ
c
b + fbdp
d
Bδ
c
a + p
c
Bfab) .
(4.19)
As the next step we have to find inverse relation between Γcab and N
c
ab. Following [11] we
presume that it has the form
Γcab = aN
c
ab + b(N
d
adδ
c
b +N
d
bdδ
c
a) , (4.20)
where a, b are unknown coefficients which we determine after inserting this ansatz into
(4.18). Explicitly we get
16pi
F ′(B)
Ncab = −(aNcab + b(Ndadδcb +Ndbdδca))
+
1
2
[(aNdad + b(4N
k
ak +N
k
ak))δ
c
b + (aN
d
bd + b(N
k
bk + 4N
k
bk)δ
c
b)] .
(4.21)
Comparing left and right side of this expression we obtain following equations
a = − 16pi
F ′(B)
, −b+ (a+ 5b)
2
= 0 (4.22)
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that has solution
b = −a
3
. (4.23)
Using these values of a and b we obtain inverse relation
Γcba = −
16pi
F ′(B)
Ncab +
16pi
3F ′(B)
(Ndadδ
c
b +N
d
bdδ
c
a) . (4.24)
Now the Hamiltonian density has the form
HF = ∂cfabN cab + pcB∂cB −LFquadr = (Γddcfab − Γacdfdb − Γbdcfda)N cab + pcB∂cB − LFquadr =
=
1
16pi
F ′(B)[ΓhdkΓ
k
ghf
gd − ΓffkΓkghf gh] +
+
1
16pi
F ′′(B)∂fB[f
faΓbab − Γfabfab]−
1
16pi
√
−f [F (B)− F ′(B)B] ,
(4.25)
using
∂cf
ab = ∂c
√−ggab +√−g∂cgab = Γddcfab − Γacdfdb − Γbdcfda ,
(4.26)
where we used the fact that ∇c
√−g = 0 implies
∂c
√−g = Γddc
√−g . (4.27)
In the same way the condition ∇cgab = 0 implies
∂cg
ab = −(Γacdgdb + Γbcdgda) . (4.28)
Then inserting (4.24) into (4.25) we obtain Hamiltonian density in the form
Hf = 16pi
F ′(B)
Nhdkf
gdNkgh −
16pi
3F ′(B)
Nmmkf
kgNddg +
+
16pi
3F ′′(B)
p
g
Bfgc(f
abN cab −
F ′(B)
F ′′(B)
pcB)−
1
16pi
√
−f [F (B)− F ′(B)B] .
(4.29)
Finally in order to complete Hamiltonian analysis we have to insert explicit form of Ncab
given in (4.19) to (4.29). In fact, after some tedious calculations we find that the Hamilto-
nian density of F (R) gravity has the form
HF = 16pi
F ′
[Nhkdf
dgNkgh −
1
3
Nmmkf
kgNnng] +
−.16pi
6
F ′[
1
F ′′
pa +
1
F ′
Namnf
mn]fab[
1
F ′′
pb +
1
F ′
f rsN brs]−
1
16pi
√
−f [F (B)− F ′(B)B] .
(4.30)
This is the final form of the covariant Hamiltonian density for F (R)−gravity. In order to
find corresponding equations of motion we begin with the canonical form of the action
S =
∫
d4x(N cab∂cf
ab + pcB∂cB −HF ) (4.31)
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so that its variation has the form
δS =
∫
d4x
(
δN cab∂cf
ab +N cab∂cδf
ab + δpcB∂cB + p
c
B∂cδB −
− δH
F
δN cab
δN cab −
δHF
δfab
δfab − δH
F
δpcB
δpcB −
δHF
δB
δB
)
= 0
(4.32)
that implies following equations of motion
∂cf
ab =
δHF
δN cab
=
16pi
F ′
[
f bgNagc + f
agN bgc
]
− 16pi
3F ′
[
f bgNnngδ
c
a + f
agNnngδ
b
c
]
−
−32pi
3
fabfch
[√
−f 1
F ′′
ph +
1
F ′
Nhrsf
rs
]
,
∂cN
c
ab = −
δHF
δfab
= −8pi
F ′
[
NhkaN
k
bh +N
h
kbN
h
ad
]
+
16pi
3F ′
NmmaN
n
nb +
−8piF
′
3
[
1
F ′′
px +
1
F ′
Nxmnf
mn
]
fxa
[
1
F ′′
py +
1
F ′
f ysN brs
]
fyb +
+
16pi
3
F ′
F ′′
Nxabfxy
[
1
F ′′
py +
1
F ′
Nymnf
mn
]
+
1
32pi
fab
√
−f [F (B)− F ′(B)B] ,
∂cB =
δHF
δpcB
= −8pi
3
F ′
F ′′
fab
[
1
F ′′
pb +
1
F ′
N bmnf
mn
]
,
∂cp
c
B = −
δHF
δB
=
16piF ′′
F ′2
[
Nhkdf
dgNkgh −
1
3
Nmmkf
kgNnng
]
+
+
8pi
3
F ′′
[
1
F ′′
pa +
1
F ′
Namnf
mn
]
fab
[
1
F ′′
pb +
1
F ′
f rsN brs
]
+
−16pi
3
[
F ′′′
F ′′2
pa +
F ′′
F ′2Namnfmn
]
fab
[
1
F ′′
pb +
1
F ′
N brsf
rs
]
− 1
16pi
√
−fF ′′(B)B .
(4.33)
Further, the boundary term for F (R)−gravity has the form
LFsurf = −∂c
[
F ′
F ′′
pcB
]
(4.34)
which shows an importance of the field B and corresponding conjugate momenta pcB . On
the other hand if we presume that the solution of the equation of motion for B is B = const
we find that pbB is equal −F
′′
F ′
N bmnf
mn. Inserting this result into (4.34) we find that it is
equal to
LFsurf = ∂c[N cmnfmn] (4.35)
which is the same as in case of pure gravity. Certainly it would be nice to study consequence
of this result for thermodynamics aspects of F (R)−gravity.
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